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Active Flutter Suppression Using Eigenspace
and Linear Quadratic Design Techniques

William L. Garrard* and Bradley S. Liebstt
University of Minnesota, Minneapolis, Minnesota

Eigenspace and linear quadratic techniques are used to design an active flutter suppression system for the
DAST ARW-i flight test vehicle. Outboard and inboard control surfaces are included in the design. Flutter con-
trollers that meet control surface activity specifications and provide some gust load alleviation are developed us-
ing both eigejispace and linear quadratic techniques. However, inclusion of the inboard control surface is shown
to yield substantial design compromises in terms of closed-loop actuator response in the case of linear quadratic
design and stability margins in the case of eigenspace design.
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Nomenclature

= control input
= attainable closed-loop eigenvector associated
with X, eigenvalue

= desired closed-loop eigenvector associated with
X, eigenvalue

= vector used in calculation of eigenspace gain
matrix, see Eq. (17)

= system state
= flexure modal displacement
= control surface displacements
= disturbance input vector

= aerodynamic coefficient matrix
= dynamics matrix
= control distribution matrix
= structural damping matrix
= aerodynamic coefficient error matrix
= control gain matrix
= matrix relating vi and wi9 see Eq. (15)
= structural stiffness matrix
= structural mass matrix
= eigenvector weighting matrix
= state weighting matrix
= calculated unsteady aerodynamic influence coef-

ficient matrix
= 5r-plane representation of unsteady aerodynamic

influence coefficient matrix
= control weighting matrix
= matrix whose columns are vf
= matrix whose columns are w/

= reference chord ,0.6m
= loop transfer function

= linear quadratic performance index
= reduced frequency
= reference length in gust model, 762 m
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M = Mach number
q = dynamic pressure
s = Laplace operator
V = forward velocity
/3W = aerodynamic lag frequencies
rj = zero mean whitejnoise input to gust model with

intensity, (L/V)%2
G

\ = rth eigenvalue
o(E) = maximum singular value of E
a(E) = minimum singular value of E
o) = circular frequency
£G = normal wind gust velocity
|G = rms normal wind gust velocity

Subscripts
i - inboard aileron
o - outboard aileron
ES = eigenspace
LQ = linear quadratic
s = structural

Superscripts
( )* = complex conjugate transpose
T = transpose

Introduction

T HE objective of this pap»er is to examine the application
of eigenspace (ES)mid linear quadratic (LQ) techniques

to the preliminary design of an active flutter suppression
system for a flight test vehicle. There has been considerable in-
terest in the application of LQ techniques to the design of ac-
tive flutter suppression systems. .Much of this work has fo-
cused on the DAST flight test vehicles,1"5 although future
transport-type aircraft have also been considered.6'7 ES
techniques, which use feedback control to directly place
closed-loop eigenvalues and shape closed-loop eigenvectors,8
have not been extensively applied to the design of active flutter
control systems. Ostroff and Pines9 used eigenvalue place-
ment to design a flutter controller, but did not attempt to
shape the closed-loop eigenvectors. In this paper, an ES design
procedure is developed for active flutter suppression. This
technique and standard LQ synthesis procedures are applied
to the design of a flutter suppression system for the DAST
ARW-2 flight test vehicle and the results are compared.

Both LQ and ES techniques result in full-state feedback
control laws. Since accelerometers are used to determine the
motion of the wing, the system states are not measured
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directly and a dynamic compensator must be used to convert
the accelerometer outputs to control inputs. Compensator
design may be accomplished by the use of state observers
(including Kalman filters)4-7'10 or frequency response match-
ing techniques.2 In either case, it is necessary to have full-
state control laws that yield acceptable performance. In the
preliminary design stage, it is useful to compare the perfor-
mance of full-state controllers in order to identify those
designs that warrant further development. Since this paper is
concerned with preliminary design configurations and com-
parisons of controllers resulting from two design
methodologies, only full-state feedback is considered. The
author's current research efforts are focused on the develop-
ment of suitable compensator designs.

Performance Requirements and System Model
The DAST ARW-2 flight test vehicle is a Firebee II drone

that has been modified by replacing the conventional wing
with a high-aspect-ratio supercritical wing designed to flutter
within the flight envelope. Two control surfaces, inboard and
outboard ailerons, are available on the wing. Although cur-
rent plans are to use the outboard aileron for flutter control
and the inboard aileron for maneuver load alleviation, the in-
board aileron was included in the flutter control system
developed in this paper. It was felt that a system using both
control surfaces might exhibit improved performance com-
pared with a system using only the outboard aileron; the in-
board aileron might also provide a redundant control surface
in case of failure of the outboard aileron. In addition, inclu-
sion of the inboard aileron results in a system with multiple
(two) control inputs. This allows an additional flexibility in
the controller design not available in single-input systems.

The design flight condition for the flutter control system is a
velocity of 275 m/s (Mach 0.86) and an altitude of 4572 m
(15,000 ft). At this flight condition, the uncontrolled wing
flutters, and the flutter control system is required to stabilize
the wing without exceeding specified limits on rms control sur-
face activity. The rms deflection of the inboard aileron is
limited to 10 deg and the deflection rate to 130 deg/s. The rms
deflection of the outboard aileron is limited to 15 deg and the
deflection rate to 740 deg/s. The control surfaces saturate if
these limits are exceeded. In addition, gain margins of at least
6 dB and phase margins of at least 45 deg are desirable.

The wing flutters at a velocity of 240 m/s (Mach 0.75) at an
altitude of 4572 m and the flutter controller is activated at a
velocity of about 226 m/s (Mach 0.7). Thus, the performance

of the flutter control system is evaluated at this flight condi-
tion as well as the design condition of Mach 0.86. Since the un-
controlled wing is stable at Mach 0.7 and 4572 m, it must be
verified that activation of the control system does not
destabilize the wing. Furthermore, the flutter controller
should not result in excessive increases in the bending, tor-
sional, or shear loads compared with the uncontrolled wing.
In the actual DAST vehicle, an independent gust load allevia-
tion system is also to be evaluated at the Mach 0.7, 4572 m
flight condition; therefore, this condition will be referred to as
the gust test condition in the sequel, even though the gust load
alleviation system is not discussed in this paper.

The aeroelastic model of the wing is given as

([Ms]s2 + [Ca]s+ + q[Qc(s)} = 0

(1)
where [Qc(s")] is approximated by

(Am+2]s
(2)

This approximation has been widely used in the design of ac-
tive flutter suppression systems.2"7'11 The usual procedure4 is
to select the &m in such a way as to bracket the reduced flutter
frequency and then choose the [Am ] matrices so as to give the
best least squares fit to [ Qc ] over a range of reduced frequen-
cies. The aerodynamic influence matrix [Qc] is calculated as a
function of reduced frequency by a doublet-lattice procedure.

In this study, a new method was used to select the /3W.12 An
error matrix was defined as

(3)

The norm of this matrix is bounded above and below by its
maximum and minimum singular values,13 i.e.,

\\Ex\\
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Fig. 1 Root loci of uncontrolled wing as velocity is varied.

The singular values of E are defined as the positive square
roots of the eigenvalues of E*E. If the /3W are chosen to
minimize a(£), the norm of the error matrix will be small.

In this study, a single /3 was used in [ QA ] . Since the reduced
flutter frequency was known to be small, /3 was selected to
minimize a(E) at zero frequency. The resulting value of /3 was
0.13, which is very close to the reduced flutter frequency of
0.15. The eigenvalues obtained from this model were almost
identical to those calculated from a higher-order model that
included several lag frequencies.12 Also, the elements of the
[ QA ] matrix were very close to those of the [ Qc ] matrix when
compared over reduced frequencies of 0.0-1.2. The poorest
correlation between elements of the [ Qc ] and [ QA ] matrices
occurred for the coefficients associated with the gust velocity.
Even then, the rms control surface gust responses calculated
using the model with a single ft were close to those calculated
from higher-order models using several values of ftm .

It is felt that selection of the numerical values of the $m
based on the maximum and minimum singular values of an er-
ror matrix such as given by Eq. (3) has considerable potential
in generating low-order approximate models of unsteady
aerodynamics. Even the simple approach of minimizing the
maximum singular value of the error matrix at a fixed fre-
quency yielded acceptable results. Other approaches, such as
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choosing the &m to minimize both the maximum and minimum
singular values over a range of frequencies, are currently being
investigated.

Initially, seven structural modes were used in the
mathematical model of the wing; however, by comparing the
eigenvalues calculated using lower-order models with those
resulting from a model that included seven structural modes, it
was found that flutter could accurately be modeled by in-
cluding only three modes. These modes corresponded to first
and second bending and first torsion.12 Since computational
expense could be reduced significantly by reducing the order
of the system model, subsequent design studies and system
performance evaluations were based on a structural model
containing only these three modes. The loci of the roots
associated with these flexure modes are given as functions of
velocity in Fig. 1. The lowest frequency mode is associated
with first-mode bending, the next highest with second-mode
bending, and the highest is first-mode torsion. It can be seen
that first-mode bending is the unstable mode, whereas second-
mode damping increases with velocity. The frequencies of
these two modes approach one another with increasing veloc-
ity. The first torsion mode is not affected by velocity as much
as the two bending modes, but it is necessary to include this
mode in order for the system to flutter.

The wind gust model is taken from Houbolt et al.15 The
transfer function for this model is

(4)

The rms gust velocity is 3.6 m/s (12 ft/s).
Both inboard and outboard ailerons are driven by high-

band width hydraulic actuators. In the range of frequencies
covered by the three-mode structural model, a fourth-order
transfer function gives a very close approximation of the ac-
tual inboard aileron/actuator transfer function.14 This
transfer function is

tc.(s)/Ui(s) = /. 7576637X10"/[s2 + 671s

+ (477.5)2 ] [s2 + 322s + (878)2} (5)

A third-order transfer function is used for the outboard ac-
tuator. This transfer function is

Sco(s)/u6(s) = 1.7747280 x 107/(s

+ 180)[s2+251s + (314)2} (6)

Both transfer functions have unity gain at zero frequency.
Equations (1), (2), and (4-6) can be combined to give the

equations describing the wing, control surfaces and actuators,
and wind gust in vector-matrix form as

(7)

The 18th-order state vector x consists of the displacements and
velocities associated with the three flexure modes, the
unsteady aerodynamic lag states, the states associated with the
inboard and outboard control surfaces, and the states
associated with the wind gust model. The second-order control
vector u consists of the commanded inputs to the inboard and
outboard aileron/actuators and the scalar white noise input 77
drives the wind gust model. Numerical values for the elements
of the A, B, and P matrices are given in Ref. 16.

Controller Design Methodology
Linear quadratic control theory has been discussed in

numerous texts, e.g., Ref. 17. The basic LQ design procedure
consists of selecting quadratic weighting matrices Q and R in a
scalar performance index

(8)

The control minimizing this performance index is given as

u=Kx (9)

where the gain matrix K is obtained from the solution of a
matrix Ricatti equation. The usual procedure is to iteratively
vary Q and R until performance specifications on rms values
of the state and control are met.

Eigenspace design methodology has received less attention
than LQ techniques, but is still well known. Moore8 and
others have shown how feedback can be used to directly place
eigenvalues and also shape eigenvectors. If performance
specifications are given or can be interpreted in terms of
desired closed-loop eigenvalues and eigenvectors, then ES
techniques can provide a natural design procedure where the
desired eigenstructure (if obtainable) can be calculated
without iteration. If performance specifications cannot be
clearly stated in terms of closed-loop eigenvalues and
eigenvectors (for example, specifications on rms responses), it
may be necessary to iterate eigenvalues and eigenvectors until
the performance specifications are met. In the discussion
below, full-state feedback is assumed.

If there is one independent control for each state, then all of
the controllable eigenvalues and eigenvectors can be placed ar-
bitrarily.8 Since there are almost always fewer controls than
states, not all of the eigenvalues and eigenvectors can be
placed. The design procedure then becomes one of placing
eigenvalues and shaping eigenvectors to eliminate certain state
responses from a mode while emphasizing others. This pro-
cedure has been successfully demonstrated by Cunningham18

in decoupling aircraft rigid-body modes.
The ES design procedure consists of determining a gain

matrix K such that for all desired closed-loop eigenvalue \
and eigenvector vt pairs

(10)

(11)

Once the w/ have been found, the gain matrix is calculated as

This is equivalent to finding n>/, such that

K= (12)

If it is desired to change an eigenvalue associated with a con-
trollable mode, then for the new eigenvalue \ the matrix
(A/7— A) is nonsingular. Thus,

(13)

or

where

(14)

(15)

Since in general there are not enough independent controls
available to arbitrarily place all X/ and vi9 the w/ are selected to
minimize the following least square performance index:

(16)

where Pt is used to emphasize certain components of vd.. Solv-
ing for w/ which minimizes // produces an optimal
pseudoinverse

(17)

and vf is given by Eq. (13).
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If certain eigensolutions are not to be altered or if X, is un-
controllable, then

wf = 0
and Eq. (11) is satisfied. The general design procedure used is
to vary Pi9 X,, and vd until the performance specifications on
the rms values of the state and control are met.

There is obviously a relationship between the LQ and ES
design techniques. Harvey and Stein19'20 have shown how
quadratic weights in the performance index given by Eq. (8)
can be selected so that the closed-loop eigenstructure resulting
from use of LQ design methodology asymptotically ap-
proaches some desired eigenstructure. However, this pro-
cedure drives those eigenvalues not specified asymptotically to
infinity. This may not be desirable in terms of practical con-
trol system realization. Also, if a given eigenstructure is
desired, it seems simplest to calculate directly the required
feedback gains rather than to approach them iteratively via
asymptotic LQ theory. If the closed-loop LQ eigenstructure is
specified, ES design techniques can be used to determine a
gain matrix that yields this eigenstructure, although this gain
matrix is not necessarily unique except in the single-
input/single-output case.

In the remainder of this paper, both the LQ and ES design
techniques will be applied to the design of a flutter controller
for the system modeled in the previous section. It would be im-
possible to conclude that one method is better than the other,
since the ES controller would result if proper Q and R matrices
were selected in the LQ design procedure and the LQ
eigenstructure can be obtained by ES design techniques. In
fact, both controllers are similar and it is felt that a study of
the results in this paper gives considerable insight into the
design of flutter controllers. Also, since the design
methodology for ES controllers of flutter suppression and
other aeroelastic control problems is not yet well defined, it is
thought that the ES design procedure described below should
be of interest.

Linear Quadratic Controller Design
It is well known that if Q is set equal to zero and R equal to

the identity matrix in the performance index given by Eq. (8),
all stable eigenvalues will remain unchanged and all unstable
eigenvalues will be rotated about the imaginary axis.17 Initial
LQ design was performed using this approach; however, as
shown in Tables 1 and 2, the rms deflection rate for the in-
board actuator was approximately double its allowed max-
imum at the flutter test condition and, at the Mach 0.7 condi-
tion, two of the closed-loop eigenvalues associated with the in-
board actuator were unstable. Over 25 combinations of Q and
R matrices were evaluated in an attempt to improve the
design.16

The best results were obtained by maintaining R as the iden-
tity matrix and weighting only the inboard actuator deflection
rate in the Q matrix. The results of varying this weight are
shown in Table 1. The rms value of the inboard actuator de-
flection rate decreases fairly rapidly as its weight is increased
and the rms activity level of the outboard aileron does not
change greatly as the weight on the inboard actuator rate is
changed. The feedback gains associated with the inboard ac-
tuator states increase rapidly with the weight on the inboard
actuator rate. As shown in Fig. 2, the eigenvalues associated
with the inboard actuator change radically. The moduli of
three of the roots become very large, while the fourth root ap-
proaches zero. Since any large change in actuator frequency
response characteristics would be difficult to obtain without
substantially redesigning the actuator, a value for the weight
on inboard actuator deflection rate of 1 x 10~4 was selected.
Since the magnitude of the inboard deflection rate is of order
100 times the inboard deflection, this results in xTQx of the
same order of magnitude as uTRu in Eq. (8).
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Fig. 2 Variation in actuator roots with weighting on inboard aileron
deflection.
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Fig. 3 Inboard actuator transfer function frequency response with
and without external actuator feedback.

The resulting design gave acceptable rms responses at the
design condition and a stable system at the gust test condition.
Inboard actuator open- and closed-loop frequency responses
for the final LQ design are shown in Fig. 3. It can be seen that
the overall gain for the closed-loop system is reduced com-
pared with the open-loop response. At zero frequency, the
open-loop gain is unity and the closed-loop gain is 0.79. Thus,
the forward-loop gain would have to be increased by 21% in
order to restore the steady-state gain to its open-loop value.
This might be difficult without modifying existing actuator
hardware.

Eigenspace Controller Design
As for the initial LQ design, the initial ES controller was

designed by rotating the unstable eigenvalues around the im-
aginary axis and leaving all other eigensolutions in their open-
loop configuration. This resulted in acceptable rms control
surface activity at the flutter condition and a stable response at
the gust test condition. It is interesting to note that, although
the eigenvalues of both the initial LQ and ES designs were the
same, the feedback gain matrices were different, resulting in
different dynamic response characteristics. Although the in-
itial ES design stabilized the wing at both the flutter and the



308 W.L. GARRARD AND B.S. LIEBST J. GUIDANCE

gust test conditions, the rms inboard deflection rate is near its
maximum value at the flutter condition. It was felt that the
performance might be enhanced by redesign of the control
system so as to reduce the inboard deflection rate. Since the
aircraft exhibits satisfactory response at velocities somewhat
less than the flutter speed, it was decided to use ES design
techniques to force the closed-loop response of the wing at the
design velocity to approach the open-loop response of the
wing at a velocity of 200 m/s (20% less than the flutter speed).

The ES design procedure described previously was used to
synthesize a gain matrix that forced the closed-loop eigen-
values associated with the controllable states of the wing at the
design velocity (275 m/s) to be the same as the open-loop
eigenvalues of the wing at 200 m/s. The open-loop actuator
eigenvalues are the same for both flight conditions and were
not moved. The ability to maintain actuator eigenvalues in
their open-loop positions is one of the major advantages of the
eigenspace design. The closed-loop frequency response of the
actuator with the ES controller is shown in Fig. 3 and is iden-
tical to the open-loop response. The gust states are not con-
trollable and their eigenvalues cannot be moved. The desired
eigenvectors associated with the shifted eigenvalues were
selected to be the same as the corresponding eigenvectors of
the uncontrolled wing at 200 m/s. Initially, the weighting
matrices Pf in the performance index given by Eq. (16) were
chosen to be identity matrices. That is, the control acted to
minimize the scalar product of the difference between the
desired and attainable closed-loop eigenvectors associated
with each eigenvalue moved.

Table 1 RMS responses at flutter condition for various weights
____________on inboard actuator rate____________

RMS response, deg and deg/s
Weight on inbd ———————————:————————————————
deflection rate Inbd def. Inbd rate Outbd def. Outbd rate

0
IxKT 5

5x lO~ 5

lx!0~4

5XHT 4

Ix lO- 3

Max allowable

1.60
1.58
0.92
0.66
0.22
0.12

10.0

271.6
256.0
122.0

84.8
26.0
14.0

130.0

2.73
2.74
3.02
3.14
3.32
3.36

15.0

427
428
470
486
514
518
740

It was found that this procedure reduced all control surface
activity by about 1%. Since the inboard rate was still close to
its maximum allowable value, it was decided to shift some
control surface activity from the inboard to the outboard ac-
tuator. This was accomplished as follows. The components of
the open-loop aeroelastic eigenvectors in the actuator direc-
tions are zero for all flight conditions. The desired eigenvec-
tors were chosen to be the open-loop eigenvectors at a velocity
of 200 m/s; thus, by penalizing the components of the dif-
ference between the actual and desired aeroelastic eigenvectors
in the direction of the inboard actuator, inboard control ac-
tivity should be reduced. This was accomplished by increasing
the weights placed on the difference between the actual and
desired components of each aeroelastic eigenvector in the
direction of the inboard rate. Values of the weights on these
components were iteratively increased from 1 to 2.5xl03,
while all of the other weights were maintained at 1. The final
result is shown in Table 2.

The inboard rate was reduced substantially and the inboard
deflection and outboard deflection and rate were increased,
indicating that the eigenspace design procedure given here
does shape the response as desired. It proved possible to
reduce the inboard rate still further by increasing the elements
of the PJ matrix that weight the difference between the com-
ponents in the inboard rate direction of the actual and desired
closed-loop aeroelastic eigenvectors. However, the outboard
rate then begins to approach its maximum value.

Results
The closed-loop flutter characteristics for the LQ and ES

designs are similar. The root locus of the eigenvalues of the
wing with the LQ controller is shown in Fig. 4 as velocity is
varied. The wing becomes unstable at a velocity of about 295
m/s (the design condition was 275 m/s and the uncontrolled
flutter speed was 240 m/s). It is interesting to note that one of
the roots associated with the unsteady aerodynamic lag states
also becomes unstable, resulting in divergence; whereas in the
uncontrolled case, the first bending mode becomes unstable in
classical coupled mode flutter (Fig. 1). The root locus for the
ES design is shown in Fig. 5. For the ES controller, the wing
becomes unstable at a velocity of about 310 m/s. As in the un-
controlled case, the first bending mode becomes unstable; but
in the controlled case, the eigenvalues associated with this

Table 2 Comparison of rms control surface activity for various controller designs
and flight conditions

Controller
design

Unstable roots
rotated about
imag. axis

ES
LQ

Eigenvector
shaping to
reduce inbd
rate (final ES)

Weighting
inbd rate
in perf index
(final LQ)

Final ES
inbd failed

Final LQ
inbd failed

Max allowable

Inbd defl, deg

Gust
Flutter test

0.5 7.5
1.8 -a

0.9 12.2

0.7 69

_ _

_ _

10.0 10.0

Inbd rate, deg/s

Gust
Flutter test

108.0 77.1
271.0 -a

86.0 52.2

85.0 53.1

_ • _

_ _

130.0 130.0

Outbd

Flutter

3.3
2.8

4.7

3-1

4.4

3.5
15.0

defl, deg

Gust
test

22.8
_a

22.6

21.9

19.2

21.8
15.0

Outbd

Flutter

509.0
407.0

612.0

486.0

572.0

519.0
740.0

rate, deg/s

Gust
test

259.3
_ a

259.3

236.5

252.8

249.8
740.0

aUnstable.
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mode move to the real axis where one real root becomes
unstable, resulting in divergence.

The results of varying altitude while maintaining Mach
number constant are shown in Fig. 6. At M=0.86, the uncon-
trolled wing is unstable until an altitude of 6700 m is reached.
At the same Mach number, the LQ controller results in a
stable wing at all altitudes above 3200 m and the ES controller
stabilizes the wing above altitudes of 2900 m. At M=0.7, the
uncontrolled wing is stable for altitudes above 1800 m,
whereas the ES controller stabilizes the wing for altitudes
above 2100 m and the LQ controller stabilizes the wing for
altitudes above 2400 m.

At the gust test condition, the outboard actuator deflection
saturates at a gust of 3 m/s for all controller designs.
However, if the rms gust velocity at the gust test condition is
reduced to 2.5 m/s, both the ES and LQ controllers meet all
specifications on rms surface activity. Table 3 shows that both
controllers provide some torsional load alleviation at this
flight condition. The bending and torsional moments and

I mag, sec"

"Design Cond
1st Mode

Bending

Unsteady Aerodynamic Lag States

350

300

200

100

-200 -150 -100 -50 50 100 150

Real, sec"1

Fig. 4 Root locus of LQ controlled wing as velocity is varied.

shear force were calculated at nine stations on the wing (sta-
tion 1 is at the root and station 9 is near the tip). The LQ
design results in the largest rms bending moments in the in-
board region. The ES design results in bending moments that
are lower than those resulting from the LQ design, but higher
than the uncontrolled values. The differences in the bending
moment in all three cases are not large. Both the LQ and ES
designs result in substantial reductions (over 50%) in the tor-
sional moments at all stations compared with the uncontrolled
values. The LQ design reduces torsional moments slightly
more than the ES design. The ES design results in the lowest
value of shear near the wing root, but the uncontrolled values
of shear are less near the tip. The differences in shear between
the LQ, ES, and uncontrolled cases are not large at the gust
tesf condition.

The ability of the ES and LQ systems to stabilize the wing in
case of an actuator failure yielded little difference in the per-
formance of the two systems. Actuator failure was simulated
by assuming that the failed actuator control input was zero.
When the outboard actuator failed, the inboard aileron was
unable to stabilize the wing in both designs. When an inboard
actuator failure was simulated, the outboard aileron was
capable of stabilizing the wing with only small changes in the
rms surface activity (see Table 2). In fact, with the ES con-
troller, the rms responses improved slightly when the inboard
actuator failed, indicating that the inboard control surface is
not very useful for flutter suppression. The outboard aileron is
critical in stabilizing the wing and it is important to examine
the stability margins associated with the outboard control loop
(the inboard actuator is assumed to be inoperative). This can
be accomplished by examining the loop transfer function

H(s)G(s)=K[Is-A}~1B

Note that, since u= +Kx, the characteristic equation is given
by

l-H(s)G(s) = 0

and the critical condition for stability occurs when the phase
angle of H(ju>)G(ju) equals zero. For the LQ design,
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Fig. 5 Root locus of ES controlled wing as velocity is varied.
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Table 3 RMS loads at modified gust test condition (A/= 0.7, h = 4572 m, KG = 2.5 in/s)

Final LQ
Bending moment, N-m
Shear, N
Torque, N-M

Final ES
Bending moment, N-M
Shear, N
Torque, N-M

Open loop
Bending moment, N-M
Shear, N
Torque, N-M

root
1

1729
561

11

1674:
522

14

1670
602
32

2

1365
502

16

1329
522

19
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39

Station
' 3 • ."
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Fig. 7 Frequency response of magnitude of H(s) G(s) for LQ and ES
designs.
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Fig. 8 Frequency response of phase of H(s)G(s) for LQ and ES
designs.

It is interesting to note that the actuator poles, the poles
associated with the unsteady aerodynamic lag states, and all of
the poles associated with the stable flexure modes have been
canceled by zeros. The only remaining poles are those
associated with the unstable first bending mode. Bode
diagrams for the LQ loop transfer function are given in Figs. 7
and 8, The gain margin is 6 dB and the phase margins are
greater than 60 deg. This is not surprising, since Safanov and
Athans21 show that full-state LQ controllers yield excellent
gain and phase margins.

The loop transfer function for the ES controller is

H(s)G(s)ES = 51.45(s - 427.4)(s - 66.5)(s + 42.4)
[s2 - 79.8s+ (124.5)2] [s2 + 188.6s +142.2)2]

Again, all of the actuator poles and the poles associated
with the unsteady aerodynamic lag states have been canceled

by zeros. But only the poles associated with the first torsion
mode have been canceled and the unstable first bending mode
and stable second bending mode remain. Bode diagrams for
this transfer function are also shown in Figs. 1 and 8. The gain
margins are 6 dB or better, but the phase margins are slightly
less than 20 deg. Gain vs frequency plots for the LQ and ES
transfer functions are very similar for frequencies above 10
rad/s. Both curves peak at the flutter frequency with a gain of
6 dB and then roll off rapidly with increasing frequency.

Conclusions
The eigenspace (ES) and linear quadratic (LQ) controllers

give very similar results in terms of required control surface
activity. At the gust test condition, the ES design exhibits
lower wing root bending moment and shear than the LQ
design, but the LQ controller provides slightly lower torsional
stress. Both the ES and LQ designs provide significantly
reduced torsional stress at the wing root, slightly reduced
shear, and slightly increased bending moment compared with
the open-loop response. Both the LQ and ES controllers
significantly increased flutter speed compared with the uncon-
trolled wing. The ES controller results in a slightly greater flut-
ter speed than the LQ controller. For a fixed Mach number,
the ES design is stable at lower altitudes than the LQ design.
The LQ design exhibits significantly better phase margins than
the ES design at the flutter test condition. The gain margins
are the same.

The LQ design requires large feedback gains on the inboard
actuator states. This reduces the overall inboard actuator gain.
Increased forward loop gain would be required to restore
open-loop characteristics. This might necessitate redesign of
existing actuator hardware. The ES controller does not require
actuator feedback, and the closed-loop frequency response
characteristics of the actuators is the same as the open-loop
case. However, the phase margins are not adequate. The ES
design technique developed does allow the achievement of
desired rms response characteristics by eigenvector shaping
and has promise for use in applications to other aeroelastic
control problems.

An important conclusion is that the inboard control surface
should not be used for flutter control. If the inboard aileron is
included in the design, either the dynamic characteristics of
the inboard actuator must be modified by feedback of ac-
tuator states (LQ design) or the stability margins must be
sacrificed (ES design). As shown in Table 2, better perfor-
mance is achieved if the inboard actuator is neglected. In this
case, the LQ design results in all of the stable eigenvalues re-
maining in their open-loop configuration and the unstable
eigenvalues being rotated about the imaginary axis. This con-
troller will exhibit the same good gain and phase margins at
the design condition, as shown in Figs. 7 and 8, and will also
stabilize the wing at the gust test condition. Since the control is
a scalar, the ES controller that rotates unstable roots about the
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imaginary axis and maintains the stable roots in their open-
loop configuration is identical to the LQ controller. Currently,
dynamic compensators that convert accelerometer output to
outboard actuator input are being developed based upon full-
state feedback control laws that accomplish the eigenvalue
placement described above.
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